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In 1960 Errett Bishop and the author [l] showed that a nonempty 
closed convex subset C of a Banach space E admits ‘mmany” support 
points x and support functionals f, where f E E” is said to support C at 
x E: C iff # 0 and supf(C) = f(x). (By “many” we mean “norm dense 
in the appropriate set.“). Since then, a number of papers have been 
published which either apply, improve, or exhibit limitations on possible 
extensions of the original methods and results [2,4, 5, 12, 16-23,25,26]. 
In this paper, which is entirely expository, we will present what we 
consider to be the central results and applications. For the latter, we have 
chosen only those which are rather immediate. In the proofs, we have 
tried to take full advantage of any improvements which have come to 
our attention. 
The principal tool in the proofs of the original density theorem was 
a lemma showing the existence of support cones for the set C, i.e., closed 
convex cones with nonempty interior which intersect C precisely at 
their vertices. This lemma does not require C to be convex, and this fact 
allowed Browder [5-91 to obtain existence theorems for what we call 
local support cones. Section 1 is devoted to these basic results. 
In Section 2 we apply these results to convex sets, obtaining a number 
of the original density theorems. We have omitted those extensions for 
which there are no substantially better proofs, since these extensions 
generally use the statements (rather than the proofs) of the basic theorems. 
In Section 3 we apply the basic lemma, by first giving some of 
Browder’s results [5, 61 on existence theorems for nonlinear equations, 
and then presenting Leduc’s proof [17] that the existence of a nontrivial 
continuously Frtchet differentiable real-valued function imposes a strong 
condition on a Banach space. We conclude with a brief Section 4 on the 
numerical range of a linear operator. 
We mention here a few words concerning notation. By “supp C” and 
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“bdry C” we mean the set of support points of C and the boundary of C, 
respectively. We denote by N,(X) the closed ball of radius r > 0 and 
center at x. Unless mentioned explicitly to the contrary (e.g., in Section 4), 
all spaces are considered to be over the real field. There is no difficulty 
in formulating most of the results for complex spaces by considering 
the space to be over the reals and using the real parts of linear functionals. 
By the polar C” of a subset C of E we mean the nonsymmetric version: 
C” = {f~ E*: supf(C) < l}. 
1. BASIC LEMMAS 
The key to most of the results we will consider is the existence of 
“conical support points” x in a closed subset S of a Banach space E. 
We say that x E S is a conical support point of S (with respect to K) if 
there is a closed convex cone K with vertex 0 in E such that the cone 
K + x with vertex x intersects S only at X: 
S n (K + X) = (x}. 
In terms of the partial ordering on E induced by K, this simply means 
that x is a maximal element of S. Not every cone will yield such points, 
but we can obtain them for certain classes of cones. One such class 
(Lemma 1.3) consists of those cones of the form 
K = RfB = {Ay:h > 0,y~B}, 
where B is a bounded closed convex nonempty set which does not 
contain 0. A subclass of the above consists of those cones of the form 
W-7 9 = {Y E E: k II Y II < f(y>>t 
wherefE E*, llfl/ = 1, and 0 < K < 1. (This is readily seen to be the 
same as R+B, where B = {y E E: 11 y /I < 1 and f(y) > K).) We will 
first prove the existence of maximal elements with respect to cones of the 
form K(f, R), th en use this to obtain the same result for cones of the form 
R+B. (This is closer to the simpler approach in [7] than to the original 
one in [21]. The proof which follows differs from earlier ones in that 
Zorn’s lemma is replaced by an induction argument.) 
LEMMA 1.1. Suppose that E is a Banach space, that S is a closed 
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subsetofE,andthatf~E*with~~f~~ = l.IfO <K < 1 andsupf(S) < co, 
then for any z in S there exists x0 in S such that (writing K in place of 
K(f, k)) x,, G K + z and S n (K + x,,) = (x0). 
Proof. We will obtain x,, as the intersection of a decreasing sequence 
of closed sets S, whose diameters converge to zero. Let 
S, = S n (K + x,), 
where the sequence {x%} is defined inductively as follows: Let x1 = a, 
and, having obtained x1 , x2 ,..., x, , choose x,+i to be any point of S, 
such that sup f (S,) < f (xn+l) + l/n. Since x,+i E S, C K + x, , we 
have K + x,+~ C K + x, and hence S,,, C S, . Now, if y E Sn+i , then 
f(Y) d suPf(SJ 
and 
KllY - %I+1 II <f(Y) - f(%+d G suPf(SJ - f(&+i) < l/n, 
which implies that diam S %+r < 2/kn. From the completeness of S, 
we conclude that n S, consists of a single point x0 . Obviously, x,, E S, 
and so x0 E K + x. Finally, x,, E S, = S n (K + xn) for all n implies 
that S n (K + x,,) C S, for all n, hence S n (K + x0) = {x0}, and the 
proof is complete. 
It is mildly interesting that the only properties of the function f that 
are used in the above proof are its upper semicontinuity on S (this 
implies that each S, is closed) and the fact that it is bounded above on S. 
Thus, maximal elements exist for any ordering on S of the form 
X>Y if and only if 11 x - y 11 < v(x) - q(y), 
where v is any function S having the above two properties. Such an 
ordering, of course, has no necessary relationship to the linear structure 
of E. 
LEMMA 1.2. Suppose that E is a Banach space, that B is a bounded 
closed convex nonempty subset of E with 0 $ B, and that S is a closed subset 
of E. If z E S and (writiw K = R+B) if S n (K + z) is bounded, then 
there exists a point x,, E S n (K + z) such that S n (K + x,,) = {x0}. 
Proof. We will show that there existfe E*, 11 f 11 = 1, and 0 < k < 1 
such that K = RfB C K(f, k). 0 rice this is done, the proof is immediate 
from Lemma 1.1, applied to S n (K + z). Indeed, f is bounded above 
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on the latter set, hence we can choose x0 E S n (K + 2) such that 
{x0> = S n (K + 2) n (K(f, K) + x0) 1 S n (K + x,J 1 {x0}. To obtain 
f and K, we first note that there exists 6 > 0 such that N,(O) misses B, 
hence by the separation theorem there existsf in E*, /lfll = 1, such that 
S = supf(l\i,(O)) < inff(B). Ch oose M > 0 such that )I y (1 < M for 
any y in B; then 
(WY II Y II < s G f(Y) if YEB, 
and, hence, taking k = 6/M, we see that B (hence K) is a subset of 
K(f, k) and the proof is complete. 
If K is a closed convex cone with nonempty interior in E, and if x is a 
point of the set S such that 
S f-7 (K + X) n N,(X) = {x} 
for some 6 > 0, we will say that x is a local conical support point of S 
(with respect to K). Th e next lemma, due to Browder [S, 61, shows that 
such points are dense in the boundary of a closed set S. 
LEMMA 1.3. Suppose that S is a proper closed subset of the Banach 
space E, that z E bdry S, and that E > 0. Then there exist 6 > 0, a 
closed convex cone K with nonempty interior, and a point x in S such that 
llx--zII <E and S n (K + X) n N,(X) = (LX}. 
Proof. Choose y E E\S such that l/y - z 11 < ~i4, and choose w E S 
such that /I y - w/J < 5d/4, where d = dist( y, S). We can assume 
without loss of generality that w = 0. Note that d < /I y - z 11 < e/4, 
so that jJ y - w 11 = l/y 1) < c/3. S ince d < 11 y /I, the ball B of radius d/4 
and center y does not contain 0, and we let K = R+B be the closed 
convex cone generated by B. If we take r = /I y /l/2, then Lemma 1.2 
may be applied to the bounded closed set S, = N,(O) n S and we 
obtain a point x E S, n K such that (K + x) n S, = {x]. Since x E K, 
we can write x = Au, where X > 0 and u E B. Since x E N,(O) and the 
latter is disjoint from [I, co)B, we must have X < 1. Consequently, 
(*) llx-YII =/l~~-Yll =ll~(u-Y)-(~--h)Yl/ 
,< Ad/4 + (1 - A) liy /j < d/4 + (1 - A) 5d/4 = (5 - 4X) d/4. 
We know that d < ~14, hence // x - y II < 5d/4 < 5~116, and therefore 
II x - 2 II < II x - y II + II Y - x II -=I W6 + c/4 -c E. 
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To complete the proof it suffices to show that ]I x 11 < r. Indeed, if we 
let 6 = r - 11 x /I > 0, then 11 w - x I] < 6 implies /( er II < II w - x II + 
11 x 11 < r, so that N,(X) C N,.(O), and consequently 
x E S n N,(X) n (K + X) C (K + X) n S n N,(O) C (K + X) n S, = {x}. 
It remains, then, to prove that 11 x II < II y /l/2 = r. We know that x E S 
implies II x - y II > d, hence (*) implies that d < II x - y II < (5 - 4h)d/4, 
so that X < l/4. Furthermore, ]I u I/ < 11 u - y II + ]I y II < d/4 + 5d/4 = 
3d/2, hence II x jl = h /I u II < (l/4) 3d/2 < d/2 < II y 1112 = r. 
2. SUPPORT POINTS AND FUNCTIONALS OF CONVEX SETS 
If C is a closed convex subset of the Banach space E and if K is a 
closed convex cone with nonempty interior, then any point of C which 
is a conical support point with respect to K is in fact a support point of C. 
Indeed, the interior of K + x misses C, and hence by the separation 
theorem there exists f~ E*, llfll = 1, such that f(x) f supf(C) f 
inff(K + x). Since the last term equalsf(x), we havef(x) = supf(C). 
Furthermore, it is clear that a local conical support point of a convex set 
is a conical support point, hence Lemma 1.3 and the above remark yields 
a proof of Theorem 2.4 (below) that the support points of C are dense in 
the boundary of C. We will also prove this theorem using the simpler 
Lemma 1.2. In fact, the latter leads to a density theorem for support 
functionals by applying the separation theorem to appropriate convex 
sets in E x R, rather than in E as above. This technique was used by 
Brandsted and Rockafellar [4] to obtain density theorems for the 
“subdifferentials” of a lower semicontinuous convex function defined 
in a Banach space. This use of the separation theorem in E x R is the 
key to the proof of the next lemma. 
LEMMA 2.1. Let C be a closed convex subset of the Banach space E, 
k >0 andfEE *. If x,, E C and C n (K(f, k) + x,,) = {x0}, then there 
existsg E E* such that supg(C) = g(x,,) and Ilf - g II < k. 
Proof. Let v(x) = k I/ x II -f(x); since v is convex and continuous, 
its supergraph C, = {(x, r): Y  > p)(x)} in E x R is convex and closed 
(in the product topology) and its interior ((x, r): r > y(x)) is nonempty. 
(It contains the point (0, l), for example.) Let C, = {(x, r): x E C - x0 , 
t = O}; this copy of C in E x R is also closed and convex. The fact that 
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(C - x0) n Wf, k) = (0) readily implies that C, n C, = ((0, 0)), and 
hence C, misses the interior of C, . By the separation theorem, there 
exists a continuous linear functional F on E x R such that 
supF(C,) = 0 = infF(C,). 
Since (0, 1) is an interior point of C, , we must have F(0, 1) > 0; using 
the identification between (E x R)* and E* x R, this permits us to 
write 
F(x, r) = d.4 + y, (x, Y) E E x R 
for some g in E *. Now, if x E C, then (x - x,, , 0) E C, so that 0 > 
F(x - x0( , 0) = g(x) - g(x,,), and h ence g(q) = sup g(C). Furthermore, 
for every x we have (x, q(x)) E C, , so 0 < F(x, p)(x)) = g(x) + p)(x) 
and therefore 
--B(x) < P)(x) = k II x II -f(x)* 
This shows that /If - g 11 < k and the proof is complete. 
There are two rather technical corollaries to this lemma which turn 
out to be useful in applications. The first was suggested by the formula- 
tion used in [4], while the second is a sharpened form of Lemma 3 of [I]. 
COROLLARY 2.2. Suppose that C is a closed convex subset of the Banach 
space E, that f E E* has norm 1, and that E > 0 and z E C are such that 
Then for any 0 < k < 1 there exist g E E* and x,, E C such that sup g(C) = 
g(xo), 11x0 - ~11 < Elk and llf- gll < k. 
Proof. By Lemma 1.1 there exists x0 E C such that 
By Lemma 2.1 there exists g E E* such that sup g(C) = g(xo) and 
/If - g I/ < k. Finally, we have x0 - z E K(f, k) so that k // x0 - z 1) < 
f (x0) -f(z) < sup f (C) -f(z) < e and the proof is complete. 
COROLLARY 2.3. Suppose that E is a Banach space, that f, g E E* 
have norm one, and that 1 > E > 0. Ifg 2 0 on. K(f, E), then I( f - g (I < 2~. 
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Proof. Let C = (x: g(x) < O}; then C is closed and convex, and 
c n K(f, h) = {O} f or any K such that E < K < 1. (This last inequality 
implies that any nonzero point of K(f, K) is in the interior of K(f, l ), 
where g is strictly positive.) Thus, by Lemma 2.1 there exists h in E* 
such that IIf - hII <h and sup h(C) = h(0) = 0. This latter fact 
implies that h = rg for some Y > 0. By the triangle inequality, we see 
that 
and hence that 
Since this is true for all 1 > K > E, the result follows. 
The following theorem is a consequence of Lemma 1.3 and the remarks 
preceding Lemma 2.1. We give another proof here, based on Corollary 
2.2. 
THEOREM 2.4. If C is a closed convex subset of a Banach space E, then 
the support points of C are dense in the boundary of C. 
Proof. Suppose that z is in the boundary of C and that 6 > 0. Choose 
y E E\C such that 11 y - x 11 < S/2, and choose f E E* such that 
Ilf II = 1 and wf (C) <f(y). Then f ( y) d f (x) + II Y - z II so that 
supf (C) -=l f (x) + S/2. w e can apply Corollary 2.2 (with E = S/2 and 
K = l/2) to obtain x,, E C and g E E* such that supg(C) = g(x,,), 
II x0 -- z II < 6, and Ilf - g II < l/2. S ince II f II = 1, this last inequality 
shows that g # 0 and hence x0 is a support point of C. 
The next theorem shows that the support functionals of a closed convex 
subset C of a Banach space are norm dense in the set of all functionals 
which are bounded above on C. 
THEOREM 2.5. Let C be a closed convex and nonempty subset of a 
Banach space E and suppose thatf E E*, f # 0, is such that sup f (C) < 03. 
Then for any 0 < S < 11 f II = 1, there exists a support functional g of C 
aa llf - g II d 6. 
Proof. Choose z E C such that supf (C) <f(z) + 1 and apply 
Corollary 2.2 with E = 1 and K = 6. Since 11 f-g 11 < S < II f 11, the 
functional g is nonzero, hence is a support functional. 
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COROLLARY 2.6. If C is a bounded closed convex and nonempty subset 
of a Banach space E, then the support functionals of C are norm dense in E*. 
There are a number of generalizations and corollaries to Theorems 2.4 
and 2.5. For instance, it is possible to approximate any functional which 
strictly separates C from a bounded set X by a support functional of C 
having the same property. Also, for any closed variety of finite codimen- 
sion in E which intersects the boundary of C, there is a dense subset of 
the intersection which consists of support points of C. These and a 
number of other related results are contained in [l]. In [22] it is shown 
that “dual” versions of these results are valid for the weak* closed 
convex subsets of E*. These dual theorems are for a certain locally 
convex space (E* in its weak* topology) and this seems to be the only 
class of locally convex spaces in which the existence of support points 
is guaranteed for every closed convex set. In fact, Peck [20] has proved 
the following striking result: If E is the product of a sequence of non- 
reflexive Banach spaces, then E contains a bounded closed convex nonempty 
subset which has no support points. Note that such a space E (in the 
product topology, of course) is complete, metrizable, and locally convex, 
so there seems to be little hope of obtaining general theorems outside the 
context of Banach spaces. It is shown in [I] that every incomplete 
normed linear space E contains a bounded nonempty closed convex set 
with interior for which the support functionals are not dense in E*, so 
completeness is essential for Theorem 2.5. Finally, Klee [14] has even 
constructed a nonempty bounded closed precompact convex subset of 
a pre-Hilbert space which has no support points. 
Although the preceding remarks show that the existence or density 
of support points or functionals requires both completeness and a norm, 
Peck [20] has shown that some analogous theorems remain true in a 
FrCchet space E if the notion of support functional is broadened to 
include those linear functionals on E which are not necessarily continu- 
ous, or those linear functionals on E which are only assumed to be 
continuous on C. The main technique is to embed C in a certain Banach 
space and apply the results of [l]. 
Of course, if the set C is assumed to have interior or if E is locally 
convex and C is weakly compact, then there is no problem in showing 
the existence of support points and functionals, and a number of density 
results for such sets have been obtained by Klee [13], the author [21], 
and Meeus [19]. 
We conclude this section with an example which illustrates that for 
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nonconvex sets there is little relation between support points and local 
conical support points. 
EXAMPLE. There exists a bounded nonempty closed subset S of the 
Banach space c0 which has no support points, although every point of S 
is a local conical support point. 
Proof. We will define a set S C c,, with the following properties: 
(i) S is discrete. 
(ii) 11 x/j < 1 for all x in S. 
(iii) Co S = U, the unit ball of c0 . 
Assuming we have produced such a set, it is clear from (i) and (iii) that 
it is closed, bounded, and nonempty, and that S = bdry S. Lemma 1.4 
implies that the set S, of local conical support points of S is dense in 
bdry S; since S is discrete, this yields S, = S. Finally, suppose there 
existed f # 0 in cO* and x E S such that f(x) = supf (S). Since 
sup f (S) = supf(Z S) = sup f (U) = 11 f 11, this would imply that 
11 x 11 = 1, contradicting (ii). 
We now define S as follows: For each n > 1, let S, be the (finite) set 
of all sequences of the form 
(( 1 - n-1) Er , (1 - n-1) 62 ,..., (1 - n-1) En , 0, 0,o ,... ), 
where ci = +l, i = 1, 2 ,..., n. Let S = (Jz=i S, . Any two distinct 
points u, zI of S satisfy I/ 21 - 0 II > l/2, so S is discrete. It is clear that (ii) 
holds. To see (iii), we first show that Co S contains all sequences of the 
form x = (6,) 6, ,..., 6, , 0, 0,O ,... ), where each ai is f 1 or 0. Indeed, 
if 1z > k, definey, = (Q , Ed ,..., E, , 0, 0, 0 ,...) and z, = (pi’,..., E,‘, 0, 0 ,...) 
as follows: 
ci = Q’ = 6, if Si = f 1, ci = 1 = -Ed’ if aa = Cl or i > K. 
We clearly have x = (l/2)( ym + zn) and (1 - n-l) yn , (1 - n-l) z, E S. 
Consequently, (1 - n-l)x E co S and x = lim( 1 - n-l)% E Co S. Next, 
we note that the finitely nonzero sequences in U are dense in U, SO it 
suffices to show that any such sequence y is in Co S. But such a sequence 
y can be considered as a member of the unit ball of Rk provided with 
the supremum norm, and the points x described above correspond to 
the extreme points of this ball, hence y is a convex combination of such 
points and therefore is in Co S. 
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3. Two APPLICATIONS TO NONLINEAR FUNCTIONAL ANALYSIS 
Lemma 1.4 on local conical support points was proved by Browder 
in order to demonstrate the existence of solutions of certain nonlinear 
equations in Banach spaces [5-71. The existence of conical support 
points has been used by Leduc [17] to obtain a simple proof of an 
important special case of a theorem of Whitfield [25, 261 which gives a 
necessary condition for the existence of a nontrivial Frechet differentiable 
function on a Banach space. We will present both of these results, but 
we first need to recall three successively stronger notions of differen- 
tiability. 
DEFINITION. Let F be a topological vector space, E a normed linear 
space, f a function defined on a nonempty open subset U of F with 
values in E, and let x E U. 
(1) We say that the right Gateaux derivative off exists at x provided 
lim W + 09 -f(xNlt 
t-to+ 
exists in the norm topology of E for each y in F, and we denote this limit 
bY P’fz>(Y>* w e d o not assume that the mapping D+fz from F to E is 
either linear or continuous. 
(2) We say that the Gateaux derivative off exists at x if the right 
Gateaux derivative exists there and is linear and continuous in y; we 
denote the resulting continuous linear mapping from F to E by Df, . 
(3) If F is a normed linear space, we say that the Fre’chet derivative 
off exists at x if the Gateaux derivative exists there and if 
When the FrCchet derivative exists, we write fz’ in place of Df, . 
We say that f is Gateaux (or right Gateaux) dz#erentiable in U if Df, 
(or D+fz) exists for each x in U. When F is a normed space, we have a 
similar definition of FrCchet dt$fwentiable in U. The relationship between 
right Gateaux differentiability and local support points is shown in the 
following simple but useful lemma. 
LEMMA 3.1. Suppose that F is a topological vector space, E a Banach 
space, f a function from F to E, and suppose that D’rf, exists at the point x 
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$?;y==~(E) x is a local conical support point of S = f(F), then D+f,(F) 
Proof. Let C be a closed convex cone with nonempty interior in E 
such that, for some E > 0, 
S n N,(Z) n (C + Z) = {z}. 
From this we will show that D+f,( y) E E\int C for all y E F, which 
clearly suffices to show that D+f,(F) is not dense. Suppose to the contrary 
that D+fJ y) E int C for some y E F. By definition of D+f,( y), the 
quotient t-l[f (x + ty) -f ( )] x E int C for all sufficiently small t > 0, 
hence f (x + ty) - f ( ) x E int C for all sufficiently small t > 0. The 
existence of the limit defining D+f,( y) shows that t -+ f (x + ty) is 
continuous from the right at t = 0, hence f (x + ty) E N,(z) for suffi- 
ciently small t > 0. We conclude that for some t > 0, f (x + ty) G S n 
N,(x) 17 (int C + x), an impossibility, since this set is empty. 
We can now easily prove a version of one of Browder’s theorems [5]. 
THEOREM 3.2. Suppose that F is a real vector space, E a Banach space 
of dimension at least two, f a function from F to E, and N a finite subset 
of F. Assume that 
(i) S = f(F) is closed in E, 
(ii) D+fz exists and has dense image in E for all x E F\N. 
Thenf(F) = E. 
Proof. Suppose that S # E. By Lemma 1.4, the set S, of local 
conical support points of S is dense in the boundary B of S. If S were 
finite, then for any x E F\N and y in F, we would have f (x + ty) = f(x) 
for all sufficiently small t > 0 and hence (D+f,)(F) = {0}, contradicting 
(ii). Thus, S is infinite. If B were finite, we could choose y E S\B. Every 
segment joining y to a point of the open set E\S would necessarily 
intersect B, and there are clearly infinitely many distinct such rays. 
Thus, B is also infinite, and hence B\f(N) is a relatively open and 
nonempty subset of B which intersects the dense set S,, . But Lemma 3.1 
shows that this contradicts (ii), and the proof is complete. 
Note that the above theorem is false if dim E = 1 (e.g., if E = F = R, 
f(t) = P, and N = {O}). 
As Browder has shown [6], it is possible to allow much more general 
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“exceptional sets” N, provided we assume that E is infinite dimensional 
and thatf(N) is a proper closed subset off(F) = S. The problem then 
becomes one of showing thatf(N) d oes not contain the boundary B of S 
and then applying Lemma 3.1 and hypothesis (ii), as in the previous 
proof. The key to this kind of extension is a simple topological lemma 
for Banach spaces. 
DEFINITION. A subset X of a normed linear space E will be called 
locally a-compact if for each x E X there exists a closed neighborhood 
NE(x) of x such that N,(x) n X = (J K, , where each K, (TZ = 1, 2,...) 
is compact. 
LEMMA 3.3. Suppose that E is a Banach space and that U is a nonempty 
open subset of E which is not dense in E. If the boundary B of U is locally 
a-compact, then E is jinite dimensional. 
Proof. Choose x,, in B; by hypothesis, there exists 6 > 0 such that 
N6(x0) n B is o-compact. The open set int N,(x,,)\cl U is nonempty and, 
without loss of generality, we can assume that it contains the origin. Let v 
denote the radial mapping x t+ x/Ii x jl of E\(O) onto the unit sphere S, 
of E; this map is both continuous and open, and the image J of N6(x0) n B 
is u-compact. The set U, = U n int N,(x,) is also open and nonempty, 
and for each x in U, , the segment [0, x] lies in N,(x,) and (clearly) 
intersects B, hence q(x) E J. Thus, J contains the (relatively) open set 
y( U,). Let z E S, be a relative interior point of J and choose g E E* such 
that g(z) = 1 = /) g I/. Th e set J1 = J n {x E E: g(x) > l/2} is u-compact 
(and contains z in its relative interior) and the mapping 
Y ++ --% + Y/i?(Y) 
is a homeomorphic embedding of J1 into the hyperplane H = g-l(O). 
The image Jz of J1 clearly contains 0 (the image of 2) as a relative 
interior point, hence there exists E > 0 such that N,(O) n H = 
K(O) n J2 = U K, , K, compact. By the Baire category theorem, at 
least one of the Km’s has nonempty interior in H. Thus, H is locally 
compact, therefore finite dimensional, which implies that E is finite 
dimensional. 
This lemma leads to a slight extension of one of Browder’s results [6]. 
THEOREM 3.4. Suppose that F is a real vector space, that E is an 
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infkite dimensional Banach space, that f is a function from F to E, and that 
N CF. Assume that 
(i) f(N) is closed and 1 oca y a-compact in E and is a proper subset 11
Off m 
(ii) D+fz exists and has dense range in E for each x E F\N. 
(iii) S = f(F) is closed in E. 
Thenf(F) = E. 
Proof. Assume that S # E. As in the proof of Theorem 3.2, we need 
only show that S,\ f (N) is nonempty, where S, is the set of local conical 
support points of S. But S, is dense in the boundary B of S, so if 
S, Cf(N), then B Cf(N). S ince f(N) f S, this shows that B # S, 
and hence the interior U of S is nonempty (and not dense in E, since 
S # E). Moreover, the boundary of U is in B, therefore in f (N), and 
hence locally a-compact, contradicting Lemma 3.3. 
While there is no question that Theorem 3.4 is more general than 
Theorem 3.2, the hypothesis on the image of N could be difficult to 
verify. If, however, F were a topological vector space, f were continuous, 
and N compact, then f(N) would be compact (hence closed), and it 
would only be necessary to verify that f(F) is not compact (e.g., not 
bounded) in order to show that f (N) is proper. 
Analogous results can be applied to mappings f from an arbitrary 
topological space X into E, provided the condition that D+fz have dense 
range be appropriately reformulated in terms of the “asymptotic cone” 
to S = f (X) at the point f (x). S ee B rowder [6-91 for this, as well as for 
applications to mappings into manifolds modelled on infinite-dimensional 
Banach spaces. 
We now turn to Leduc’s version [17] of Whitfield’s theorem [26]. This 
requires a preliminary result which is of some interest in its own right. 
PROPOSITION 3.5. Let f be a real-valued lower semicontinuous function 
defined on the Banach space E, andfor r E f (E), let 
s, = (x E E:f(x) < r}, B, = {x E E:f(x) = r>. 
If the Gateaux derivative Of% exists and is nonzero for each x in S, , and if 
S, is bounded, then the normalized image {DfJll Dfz 11: x E Br} of B,. is 
norm dense in the unit sphere S* of E*. 
Proof. Suppose that g E E*, /I g 11 = I, and 0 < E < 1. The set S, 
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is closed, bounded, and nonempty, so supg(S,) < co, and hence by 
Lemma 1.1, there exists x E S, such that S, n (K + x) = {x}, where 
K = K(g, 6). Ob viously, f(x) < r and we can show that f(x) > r. 
Indeed, choose y E E, 11 y /I = 1, such that g(y) > E and hence ty E K 
for t > 0. Thus, x + ty $ S,. for t > 0 so f(x + ty) > r for t > 0. 
Since the existence of Of, implies that t t-f(x + ty) is continuous, we 
see thatf(x) > r, i.e., x E B, . Now, for any z E K(g, E) and any t > 0, 
we have f(x + tz) > Y = f(x), hence 
0 < IIf, = lim ‘(’ + “,’ -f(x) . 
t-o+ 
This means that the continuous linear functional h defined by h = 
Df,.ll Of, 11 is nonnegative on K(g, E), and Corollary 2.3 shows that 
)I h - g I/ < 2~, which completes the proof. 
DEFINITION. The density character dens E of a Banach space E is the 
smallest cardinal number 01 such that E contains a dense subset of car- 
dinality 01. 
It is well-known and easy to prove that dens E” > dens E for all E 
(and hence equality holds for reflexive E). Whitfield [25, 261 and Leach 
and Whitfield [15] h ave shown that if a Banach space admits a FrCchet 
differentiable real-valued function f such that f has nonempty bounded 
support (= cl{x E E: f (x) # 0}), then dens E* = dens E. This result is 
of interest in the theory of manifolds modelled on Banach spaces, since 
it exhibits a necessary condition for the existence of FrCchet differentiable 
partitions of unity. Usually, however, the functions of interest are C1 
(or even Cm) and the weaker result below is applicable. Moreover, its 
proof is considerably simpler than those for Whitfield’s theorem. Recall 
that a function g is Cl in an open subset U of E if it is FrCchet differen- 
tiable in U and the map x t-+ g, ’ is continuous from U into the norm 
topology of E”. 
THEOREM 3.6 (Leduc [16, 171). Suppose that the Banach space E 
admits a real-valued C1 function g with bounded nonempty support. Then 
the unit sphere S of E has a continuous dense image in the unit sphere S* 
of E* (and hence dens E* = dens E). 
Proof. We will show that the function g can be used to define a 
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continuous real-valued function f on E having the following properties: 
(i) f(x) > 0 if x # 0, f (0) = 0. 
(ii) f(tx) = tf (x) for all x in E, t > 0. 
(iii) f is Cl in E\(O). 
(iv) {X E E: f (x) < Y} is bounded for all Y > 0. 
Assume that such a function exists. It follows from the definition of fz’ 
and from (ii) that for any x # 0, t > 0, we have f;lc = f,' and f*‘(x) = 
f(z) > 0. If we take Y = 1 in Proposition 3.5, we see from this and from 
(iv) that {f,‘/jl fi 11: f (3) = l} is dense in S*. Furthermore, fi, = fz 
and (ii) show that 
{fi’lllfi’ ll:f(x) = 11 = VLlllfrn’ II: x E Sl. 
Finally, (iii) implies that the map x ++ f,‘/jl fz’ I/ is continuous from S 
into S*, so any dense subset of S maps continuously into a dense subset 
of s*. 
It remains, then, to define f. By translation, we can assume that 
g(0) # 0, and by substituting 1 - exp( -g”), we can assume 0 < g < 1. 
Definef(0) = 0, and for x # 0, let f (x) = l/h(x), where 
h(x) = j m g(m) ds. 
-cc 
There exists b > 0 such that g(x) = 0 if 11 x 11 > b, hence for x # 0 the 
function s H g(sx) is continuous and vanishes for 1 s I > b/II x 11. Thus 
we have 
c*> 
Since g < 1, we conclude that h(x) < 2b/ll x II. On the other hand, there 
exists a > 0 such that g(x) > g(O)/2 for II x II < a. Since g 2 0, this 
implies that 
These inequalities show that f is “equivalent” to the norm of E: 
II x II/~ G .w Q II 32 Il/d9, 
607/x3/1-2 
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so that continuity at 0 and property (iv) are now obvious. The positive 
homogeneity property (ii) is easily verified, so it only remains to show 
property (iii). For this, it clearly suffices to show that h is Ci in E\(O), 
and this follows from the representation (*) and known results concerning 
differentiation of a Cl function under the integral sign (see, e.g., [lo, 
p. 173, Example 31). Explicitly, if x, y E E, x # 0, then 
h,'(y) = j-" &(y) ds. 
--m 
An interesting fact about the above proof is that it comes close to 
showing that the existence of a Ci function with bounded nonempty 
support implies the existence of an equivalent norm which is Cl in 
E\(O). (The function f is symmetric as well as positive homogeneous, 
but it need not be subadditive.) If E is separable, it is known that such 
a norm exists: Whitfield’s theorem (or Leduc’s) shows that E* is 
separable, and Restrepo [23] and Kadec [ll] have independently shown 
that separability of E* implies that there exists an equivalent norm in E 
which is Cl in E\(O). Th is is done by constructing an equivalent, weak* 
lower semicontinuous norm // **a i/i on E* which is strictly convex and 
satisfies 
w*) If llfk Ill - liflll and fk + f (weak*), then j/ fk -f II1 -+ 0. 
The equivalent norm induced on E by 11 *se II1 is Gateaux differentiable 
(since Ij +.. II1 is strictly convex), and property (H*) implies that the 
Gateaux differential is a norm-to-norm continuous map from E\(O) into 
E*. The latter implies in turn that the norm is FrCchet differentiable. 
The simplest construction of a norm for E* satisfying the above condi- 
tions was given by Whitfield [25]: Let {xJ and {f,} be dense sequences 
in the unit spheres of E and E*, respectively. For f E E*, let w,(f) = 
sup{lf(x)l: II xl/ < 1, If,(x)1 < l/n), and let p(f) = (z4-"f(qJ2)1/2. 
Define 
llf Ill = P(f) + ~2-“4f>* 
The new norm on E is defined of course by 
II 41 = suP{lfwl: llf Ill G 11. 
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4. THE NUMERICAL RANGE OF A LINEAR MAPPING 
DEFINITION. Let E be a real or complex linear space, and let T be a 
linear mapping of E into itself. Define V(T) = {f(Tx): x E E, f E E*, 
and 1 = ]I x ]I = 11 f 11 = Ref (x)}. Th is set of (real or complex) numbers 
is called the numerical range of T and extends the usual definition for 
operators in Hilbert spaces. (See Bonsall and Duncan [3] for a detailed 
account of results connected with this notion.) It is readily seen that if T* 
is the adjoint of T, then V(T) C I’( T*), but this inclusion is known [3] 
to be proper. It is a dense subset, however, a fact which has been shown 
by Bollobas [2] and which follows easily from Corollary 2.2. 
THEOREM 4.1. If T is a bounded operator from the Banach space E 
into itself, then cl V(T) = cl V(T*). 
Proof. We need only show V(T*) C cl V(T). If ~11 E I’( T*), there 
exist f E E*, I] f ]I = 1, and q~ E E**, I] q.~ I] = 1 = y(f) such that 
01 = qz( T*f). Suppose that 6 > 0. Since the canonical embedding of 
the unit ball U of E is weak* dense in the unit ball of E**, we can choose 
x E U such that 
a2 I=- I P(f) -fW = I 1 -ml and 6 > I dT*f) - (T*f)Ml* 
Now, in Corollary 2.2, take E = a2, k = 6, and C = U; then there exist 
x E U and g E E* such that 
II x II = 1 = llg II = d4, Ilf-g!l G 6 and II x - z II < 6. 
Consequently we have 
IfP> - ewl G IfV~ - T4l + IV- ‘w4l 
< II T II II x - x II + llf - g II II T II < 233 II T IL 
Furthermore, 
I a- dWl G I 01 -fG”4l + I f(W - &‘Wl 
< I dT*f) - (T*f)@)l + I.%? - g(Wl G VII TII + 1). 
Since g( Tx) E V(T), the proof is complete. 
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Note Added in Proof. Since 1971 (when this paper was originally written) additional 
related results have appeared. We regret not having been able to include an exposition of 
P. D. Taylor’s surprisingly simple proof [33] of Rockafellar’s basic result [32] concerning 
the maximal monotonicity of subdifferential maps, since Taylor’s method is based on 
[l, Theorem 21. 
Luna [31] has generalized Taylor’s theorem, as well as some of the results of [l] and 
[22]. Brendsted [27] has proved a general “maximality” theorem (an abstract version of 
Lemma 1.1) which leads to new proofs of recent results by Da&s [29] and Ekelund [30]. 
Finally, Browder [28] has expanded further on his earlier results on normal solvability. 
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